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This work utilizes soft-particle discrete element simulations to examine the rheology of steady two-
dimensional granular flows with reference to a unidirectional shear flow, which has been extensively
employed for validating the local visco-plastic model of Jop et al. [Nature 441, 727–730 (2006)]. The
µ-I scaling proposed by Jop et al. is found to be valid in both two-dimensional and unidirectional
flows, as observed in previous studies, however, each flow type results in a different curve. Here µ,
ratio of the shear stress magnitude to the pressure, is the friction coefficient and I is the dimensionless
inertial number, which is proportional to the ratio of the magnitude of the rate of strain tensor, γ˙,
to the square root of the pressure. The friction coefficient is found not to scale in a simple way with
the flow classification parameter ψ, which characterizes the local flow type. All the data collapse
to a single curve using the scaling proposed by Zhang and Kamrin [Phys. Rev. Lett. 118, 058001
(2017)], in which the scaled granular fluidity (f = 1/(µT ), where T ∝ u/γ˙ and u is the fluctuation
velocity) is found to depend only on the solid fraction φ. The data for variation of φ with inertial
number I collapse to a single curve for all the flows.
The development of theories for granular flows, in
which the granular material is treated as a continuum,
has a long history and many successes [1–17]. The ap-
proach is particularly attractive for application to large
systems, natural or industrial, which are comprised of
billions of particles, making a particle scale analysis very
expensive [18, 19]. A key element of such granular flow
theories is a constitutive model to describe the rheology
of the flowing material, and several models have been
proposed based on different approaches and assumptions
[4, 6, 12, 15–17, 20]. In the case of dense flows, a local
visco-plastic model, proposed by Jop et al. [11] has been
validated for a number of systems, including for mixtures
[21, 22], non-spherical particles [23] and unsteady flows
[24]. Most of the systems used in the validation of the
visco-plastic model correspond to unidirectional flows, an
exception being the work of Lacaze and Kerswell [24],
who showed its validity for the collapse of a cylindrical
granular column, which is a three-dimensional unsteady
flow. In addition, previous two-dimensional [25, 26] and
three-dimensional [27] investigations also largely validate
the visco-plastic model by comparing the velocity and
stress fields from the discrete element simulations [28]
with that of continuum predictions in a discharging silo.
However, the model is known to break down in many in-
stances, particularly, for slow creeping flows [29], in the
presence of shear-localization near boundaries [9], and in
the case of thickness-dependent response of grains over
an incline [30, 31]. A more recent approach based on
granular fluidity has shown promise to address several of
the above issues [13, 14, 31–33].
In this work, we characterize in detail the rheology of
steady, two-dimensional granular flows in two different
geometries (Fig. 1), with the flow over a rough inclined
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surface (Fig. 1(a)) chosen as a reference for comparison.
The objective of the work is to understand the applica-
bility of models developed for simple shear flows to fully
two-dimensional flows using identical particles in differ-
ent geometries of flow. The flow on a rough inclined
surface with an intruder (Fig. 1(b)) represents a small
deviation from a shear flow and the flow in a planar silo
(Fig. 1(c)) is a fully two dimensional flow. Particles
flowing out of the silo are uniformly reinserted at the top
boundary of the silo at zero velocity, to maintain a con-
stant height in the silo. Periodic boundary conditions are
applied at the side boundaries (dashed lines in Fig. 1)
in all the cases. The data are used to evaluate the vis-
coplastic model [11] as well as the granular fluidity based
model [33].
Soft-particle discrete element computations [28] are
utilized, considering grains as inelastic, frictional and
non-cohesive disks of mean diameter d with ±10% poly-
dispersity so as to prevent ordering in the system. The
mass density ρ is kept the same for all grains. The in-
teraction between particles is modelled as a linear-spring-
dashpot force along with a Coulomb friction force [28, 34–
36]. The normal spring stiffness is kn = 10
6mg/d, and
no tangential spring is employed, i.e., kt = 0. The resti-
tution and friction coefficients for interaction between
grains are ep = 0.9 and µp = 0.4, respectively. The
same values are considered for grain-wall interactions. In
the case of flow on a bumpy inclined surface, the length
and the layer height along x and y directions are 25d and
56d, respectively. The bumpy base, consisting of ran-
domly placed immovable particles of size d, is inclined at
an angle θ with the horizontal (see Fig. 1(a)). We choose
θ = 13.5o − 19.5o, for which steady and fully-developed
flow occurs. Moreover, the range of shear rates achieved
is roughly the same as that obtained for the silo. In the
case of the inclined surface flow with an intruder, the
intruder radius is 5d and three angles θ = 18o, 19o and
19.5o are considered for this case. The silo width W and
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2the initial fill height H of grains are 60d and 46d, re-
spectively. The orifice size Do is varied between 10d and
30d in steps of 5d, with Do always being larger than 6d
so as to prevent stoppage of flow due to arch formation
[37, 38]. The number of grains used in the inclined flow
and inclined flow with intruder is N = 1500, whereas
N = 3000 grains are employed in the silo flow.
At steady state, the data are averaged over 20, 100
and 200 simulation runs for the inclined flow, inclined
flow with an intruder and silo flow, respectively, with
each simulation beginning with a different initial con-
figuration. The averaging procedure follows the coarse-
graining technique [39–41], employing a Heaviside step
function with coarse-grained width w equal to d. The
stress tensor (σ) is computed as given in Tripathi and
Khakhar [42]. The quantities of interest do not change
upon varying w in the range 1d−5d. In particular, we en-
sured independence of fluctuation velocity on w following
Artoni and Richard [41].
Fig. 2 shows the streamlines for the two-dimensional
flows at steady state. In the inclined surface flow with an
intruder, the streamlines near the free surface are straight
lines as in the case of a uni-directional shear flow. How-
ever, near the base, the streamlines deviate from the
shear flow case and a two-dimensional flow is obtained
with compression of the streamlines above the intruder.
The irregular streamlines at the base reflect the bumpy
nature of the base. In the case of the silo, the streamlines
converge into the orifice. No stagnant regions are seen be-
cause of the smooth base. Fig. 2 also shows the nature
of the local flow, characterized in terms of a local flow
parameter [43–45], ψ, defined below. Two-dimensional
isochoric flows may be linearized and transformed to the
following form
vx′ = γ˙y
′
, vy′ = ψγ˙x
′
, (1)
where (vx′ , vy′ ) are the velocity components in the trans-
formed coordinate directions (x
′
, y
′
), γ˙ is the shear rate
and ψ is a parameter which describes the nature of the
flow: ψ = 0 corresponds to shear flow, ψ = 1 to pure
extensional flow and ψ = −1 to solid body rotation.
The flow parameter is the ratio of the eigenvalues of
QT · G, where G = [∇v − (∇ · v)I/2] is the traceless
velocity gradient tensor, v is the velocity vector, I is the
unit tensor and Q = [0,−1; 1, 0] is the rotational matrix.
This approach gives the same result as that of Hudson
et al. [43] and Lee et al. [44] for the calculation of the
flow parameter (ψ). The flow parameter varies spatially
in both two-dimensional flows (see Fig. 2). In the in-
clined surface flow with an intruder, the flow is exten-
sional (ψ ≈ 1) just above the intruder but is close to a
shear flow (ψ = 0) in most of the region. The variation
of ψ is over a greater range in the silo flow. The flow is
extensional (ψ ≈ 1) near the exit along the centreline and
the magnitude of ψ reduces with distance from the cen-
terline. There are some regions in which ψ < 0 indicating
that the flow in these regions is more rotational than a
FIG. 1. Simulation snapshots: (a) A classical unidirectional
granular flow down a bumpy inclined surface. (b) Unidirec-
tional flow on a bumpy inclined surface with an intruder. (c)
A two-dimensional discharging silo. The coordinate axes and
the direction of gravitational acceleration (g) are also dis-
played.
shear flow. Thus, the two-dimensional flows chosen span
a wide range of flow types. We note that, as shown in
Sec. A of Supplementary Material below, the scaled dila-
tion rate,  = (∇ · v)/γ˙, is small in both cases (less than
5%) except in small regions of the flow, indicating that
the flows are nearly isochoric, where γ˙ =
√
2D : D with
D = (G+GT )/2 being the rate of deformation tensor.
We consider the rheology of the above systems in terms
of the model of Jop et al. [11] in which the material is
assumed to be a Bingham fluid given by τ = 2ηD for
|τ | > τs, where τ = σ − PI is the deviatoric stress
tensor, P = tr(σ)/2 is the pressure, and η is the vis-
cosity, given in terms of the effective friction coefficient
3FIG. 2. Streamlines and spatial distribution of ψ in case of (a)
the discharging silo for Do = 20d, and (b) the intruder-flow at
θ = 19.5o. Qualitatively similar distribution is obtained for
other orifice sizes and inclinations for the silo and intruder-
flow, respectively. The color scale for both plots is provided
on top.
as η = µP/γ˙. The friction coefficient is defined as
µ = |τ |/P , where |τ | = (τ : τ/2)1/2. We note that
in the case of two-dimensional systems, the pressure and
shear stress magnitude are related to the principal com-
ponents of the stress tensor (σ1, σ2) as P = (σ1 + σ2)/2
and |τ | = (σ1 − σ2)/2, so that µ = (σ1 − σ2)/(σ1 + σ2).
In the limit of no flow, we have µ = µs = τs/P and
on applying the Mohr-Coulomb failure criterion in this
case, we have µs = sin(βs), where βs is the angle of in-
ternal friction. An assumption of the model of Jop et al.
[11] is that the friction coefficient (µ) depends only on
the inertial number defined as I = γ˙d/
√
P/ρ, and the
following phenomenological relationship relating the two
was proposed
µ(I) = µs +
µm − µs
(1 + I0/I)
(2)
where µs, µm and I0 are fitting parameters. The dila-
tancy of the flow is also assumed to depend only on the
inertial number and the solid fraction is given by a power-
law expression [46]
φ = φm − b In, (3)
where φm, b and n are fitting parameters.
We found that the stress tensor was symmetric, ruling
out Cosserat effects [8], and that the principal directions
of the stress tensor (σ) and rate of deformation tensor
(D) were nearly coaxial (see Sec. B of Supplementary
Material below), as also reported by Rycroft et al. [47],
indicating the validity of the tensor form of the constitu-
tive equation proposed by Jop et al. [11]. Fig. 3(a) shows
the variation of the effective friction coefficient (µ) with
the inertial number (I) for all three systems studied and
Fig. 3(b) gives variation of the packing fraction (φ) with
I. Data points lying within 5d and 10d of the boundaries
and free surface, respectively, and those points where rel-
ative error of any variable is more than 1.5% are not
shown in Figs. 3 and 4. The data for the inclined sur-
face flow follow previously reported results [12, 16]. The
silo data appear to collapse quite well for different ori-
fice sizes, as also reported by Lacaze & Kerswell [24] and
Cortet et al. [48] for inhomogeneous flow configurations
other than the silo, but do not fall on the inclined flow
data. The data for the inclined surface flow with an in-
truder lie between the two data sets. Equation (2) de-
scribes each data set quite well, and the fitted values
of the parameters are given in the legend. The inset in
Fig. 3(a) shows the variation of the friction coefficient
(µ) with the flow parameter (ψ). There does not appear
to be any correlation indicating that a modification of
Eq. (2) incorporating the flow parameter may not be a
useful approach. In contrast, we obtain a very good col-
lapse of data for the solid fraction (φ) variation with the
inertial number (I) for all the three systems considered
and Eq. (3) fits very well (Fig. 3(b)). The above results
indicate that an additional parameter may be needed to
describe the rheology of two-dimensional flows.
We next analyze the rheology in terms of the scaled
granular fluidity (f), which for steady granular flows is
found to depend only on the solid fraction (φ) [33]. In
the present notation, the scaled granular fluidity is given
by f = 1/(µT ), where T = u/γ˙d and u is the root mean
square (r.m.s.) fluctuation velocity. Fig. 4 shows the
variation of 1/µT with φ for all three flow configurations.
The data collapse to a single curve reasonably well and
the variation obtained is similar to what is obtained by
Zhang and Kamrin [33], i.e., f is nearly constant at low
φ and decreases in close to linear fashion at large pack-
ing densities. Importantly, the range of f obtained in
the current two-dimensional systems is close to what is
4FIG. 3. (a) Variation of µ with I. The example error bars for
µ and I at their highest values are displayed on the bottom
left corner of the plot for silo. The solid (silo) and dashed
(inclined flow) lines are fits of Eq. 2. Inset : Variation of
µ with ψ. Points are used instead of symbols for ease of
presentation, keeping colors the same as used for symbols for
corresponding Do. Relative error constraint is imposed only
on µ, not on ψ. Note that (average) ψ = 0 for inclined flow
(simple shear). (b) Variation of φ with I. The solid (silo) and
dashed (inclined flow) lines are fits of Eq. 3. The respective
fitting parameters for µ and φ are specified in the rectangular
boxes.
obtained in [33] for three dimensional flows. A minor de-
parture is seen for smaller orifice sizes at low φ. Given
the close correlation between the solid fraction and the
inertial number, we replot the data in Fig. 4 in terms of
the inertial number in the inset. The collapse of the data
for I appears to be better in this case.
We investigated in detail, by means of numerical sim-
ulations, the rheology of steady, dense granular flows in
three different planar geometries of increasing complex-
ity. The local nature of the flows, as determined by the
flow parameter (ψ), is shown to vary considerably, span-
ning the range from pure rotational flow to pure exten-
sional flow. The data are analyzed in terms of the model
of Jop et al. [11] and the µ–I scaling is found to be valid
FIG. 4. Scaled granular fluidity 1/µT versus φ. The example
error bar for 1/µT at its highest value is displayed on top
right corner for silo. Inset shows variation of 1/µT with I.
The legend is provided in Fig. 3.
for each geometry, but the data for the three geometries
do not collapse to a single curve. Thus the scaling does
not extend to two-dimensional flows. Analyzing the data
in terms of the scaled granular fluidity yields a better
collapse of the data to a single curve. This finding indi-
cates the importance of including velocity fluctuations in
the constitutive relation. The solid fraction scales with
inertial number quite well and all the data collapse to a
single curve, with φ(I) for all the geometries considered.
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SUPPLEMENTARY MATERIAL
A. Scaled dilation rate
Figure 5 displays spatial distribution of scaled dilation
rate  = ∇ · v/γ˙ for the silo and inclined flow with in-
truder. The distribution is shown in the case of silo for
domain excluding the points lying within 5d and 10d of
the base and free surface, respectively. This region is
that we consider for plotting µ, φ and 1/µT with inertial
number I in Figs. 3 and 4 of the main text. The spatial
distribution for the inclined flow is provided in the same
vertical range as what is given for ψ in the main text in
Fig. 2, i.e., from the base to y = 20d. We note that  is
largely below 5% in both flows except for a few regions
lying close to the base in the silo and in proximity to the
intruder in the case of inclined flow. This demonstrates
that the flow is nearly incompressible in the region that
5we consider for rheological measurements.
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FIG. 5. Spatial distribution of scaled dilation rate  = ∇·v/γ˙
in case of (a) the discharging silo for Do = 20d and (b) the
inclined flow with intruder for θ = 19.5o. Qualitatively similar
distribution is obtained for other orifice sizes and inclinations
as well in the case of silo and inclined flows, respectively. The
color scale for both plots is provided on top.
B. Principal direction
Figure 6 shows spatial distribution of the angle (α)
between a principal direction of the stress tensor σ with
that of the rate of deformation tensor D, in the case of
discharging silo for Do = 20d and inclined flow with in-
truder for θ = 19.5o. Again, as mentioned in the previous
section, the data are considered for the domain excluding
the points lying within 5d and 10d of the base and free
surface, respectively. As displayed in Fig. 6, the princi-
pal directions of σ and D nearly aligns with each other
as α is mostly below 5o, barring a small fraction of the
domain at the top in the case of silo (see Fig. 6(a)) and
adjacent to the intruder in the case of inclined flow (see
Fig. 6(b)). This shows largely the existence of coaxiality
in the most of the flow region under investigation.
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FIG. 6. Spatial distribution of the angle (α) between the
principal directions of σ and D in case of (a) the silo for
Do = 20d and (b) the inclined flow with intruder for θ =
19.5o. Color scales for both plots are provided separately on
their right side and the values on the color scales are given in
degrees.
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